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The present article is devoted to the study of local anisotropies effects on the Durgapal’s fourth
model in the context of gravitational decoupling via the Minimal Geometric Deformation approach.
To do it, the most general equation of state relating the components of the θ–sector is imposed to
obtain the decoupler function f(r). In addition, certain properties of the obtained solution are inves-
tigated, such as the behavior of the salient material content threading the stellar interior, causality
and energy conditions, hydrostatic balance through modified Tolman–Oppenheimer–Volkoff conser-
vation equation and stability mechanism against local anisotropies by means of adiabatic index,
sound velocity of the pressure waves, convection factor and Harrison–Zeldovich–Novikov procedure,
in order to check if the model is physically admissible or not. Regarding the stability analysis, it
is found that the model presents unstable regions when the sound speed of the pressure waves and
convection factor are used in distinction with what happens in the adiabatic index and Harrison–
Zeldovich–Novikov case. To produce a more realistic picture the numerical data for some known
compact objects was placed and different values of the parameter α were considered to compare
with the GR case ı.e, α = 0.
PACS numbers:
I. INTRODUCTION
The study of compact structures within the framework of Einstein gravity theory ı.e., General Relativity compromises
a great challenge. In this regard, the simplest situation is the study of spherically symmetric and static configurations
made up of perfect fluid distributions that is, equal radial and tangential pressures pr = pt = p. Such solutions have
been extensively investigated, starting from the seminal work of Tolman [1], up to current works [2–4], just to mention
a few of them. The problems in consider the above situation are: i) Not all of these solutions meet the requirements
in order to represent a well established physical model [5] and ii) from the astrophysical point of view a perfect fluid
matter distribution does not represent the most real situation. Relaxing the condition pr = pt and allow the presence
of local anisotropies intrigues a more exciting and realistic picture. The anisotropic behavior of matter distributions
is characterized by the so called anisotropy factor ∆ ≡ pt − pr. This parameter quantifies the deviation of the fluid
pressures waves in the principal directions ı.e, the radial and transverse directions of the fluid sphere. The effects
introduced by an anisotropic material content on the main features of stellar interiors are well understood [6–31]. In
this concern the plethora of works available in the literature provide at the theoretical level a better understanding of
the impact of this imperfect fluid distributions on compact configurations, which allows to contrast with astrophysical
observations [32–52] (and references contained therein).
Although the study of anisotropic compact structures is abundant, a very important and interesting point is how
to produce the anisotropic behavior inside the compact structure. Over the last decade a simple and powerful
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2methodology to extend isotropic solution of Einstein field equations to an anisotropic domains was developed [53–
63]. This procedure called gravitational decoupling by minimal geometric deformation (MGD hereinafter) has gain
many adepts these two last years. The subjects covered by this approach involve anisotropic neutron stars, black
hole solutions, modified and alternative gravity theories, cosmology, among others [64–94]. The main points of this
methodology are the extension of the energy-momentum tensor to a more complicated one given by
Tµν = T˜µν + αθµν , (1)
where T˜µν corresponds to the seed energy-momentum tensor (in the simplest case it represents a perfect fluid distri-
bution), θµν an extra piece which introduces the anisotropic behaviour and α a dimensionless parameter. The second
main ingredient is the mapping of one of the metric potentials eν or eλ (usually the grr metric component is deformed)
to
e−λ(r) 7→ µ(r) + αf(r), (2)
being f(r) the so called decoupler or minimal geometry deformation function. These ingredients with the original
solution of Einstein field equations constitute the extended or deformed solution.
So, following the same spirit of [63], in this work we extend Durgapal’s fourth model [95] to an anisotropic scenario.
To determine the full θ-sector and the minimal geometric deformation function f(r) we implement an equation of
state (EoS from now on) relating the components of the extra piece θµν . This EoS connects θ
t
t , θ
r
r and θ
ϕ
ϕ by means of
two free constant parameters, namely a and b. Once the θ-sector is fully determined and the decoupler function f(r)
is obtained the problem is closed. However, it should be noted that the form of the function f(r) strongly depends
on the election of the parameters a and b. With the complete geometry and energy-momentum tensor in hand we
proceed to study the behaviour of the model at the surface, joining it with the well known Schwarzschild vacuum
space-time. Nevertheless, the outer space-time could in principle receive contribution from the θ-sector. So, in that
case one is dealing with a non empty space-time. Although this situation could indeed introduce intriguing insights,
in this opportunity and without lost of generality it is also valid to use the original Schwarzschild solution. The
matching condition scheme allows to us to obtain the mass of the fluid sphere and all the constant parameters that
characterize the model.
In order to mimic a more realistic compact object such as neutron or quark stars, we have fixed the mass and radius
corresponding to some known compact objects, specifically Her X–1 [96], SMC X–1 and LMC X–4 [97]. In this
direction, recent works available in the literature [98, 99] have addressed the construction of anisotropic fluid spheres
determining the maximum possible mass of the compact object by analysing the M − R profile. In [98] was found
that the M −R profile matches the numerical data for some known compact objects such as Vela X-1, Cen X-3, EXO
1785-248 and LMC X-4, while in [99] the M − R curve shows that it is possible to reach masses greater than 3M⊙.
In comparison with these works, in the present one the obtained mass values are closer to the reported values for the
aforementioned compact structures. Regarding the sign and magnitude of the constant parameter α, the structure of
the model naturally restricts the parameter to be a strictly positive defined quantity ı.e, α > 0 in order to ensure a
positive anisotropy factor ∆, which corresponds to a physical acceptable situation. Besides, to reproduce the salient
model we have considered as an example two different values for α, namely −1 and −2, what is more we have discussed
and computed the GR case (α = 0) to contrast with the MGD case. Additionally, we have discussed and analyzed
the main salient features of the model as well as the equilibrium and stability mechanism.
The article is organized as follows. In Sec. II we revisited in short the well known Durgapal’s model. Sec. III
presents gravitational decoupling by means of minimal geometric deformation scheme. In Sec. IV the obtained model
is presented and a physical analysis is performed. Besides, the junction condition procedure by using Israel-Darmois
matching conditions is discussed. Sec. V reports the main results of this study and finally Sec VI provides some
remarks and conclusions.
Throughout the study we adopt the mostly negative metric signature (+,−,−,−), and we choose natural units where
c = 1 = G, then the gravitational constant κ is equal to 8pi.
II. DURGAPAL’S FOURTH MODEL
More than 30 years ago M.C. Durgapal noticed that whether we consider a simple relation eν ∝ (1 + x)n (with n a
real and positive value), we are able to obtain exact solutions of the Einstein field equations. Also, notice that the
solutions become physically relevant whether i) the pressure and the density are finite and positive and, ii) the density,
p˜/ρ˜ and dp˜/dρ˜ decrease as one goes outwards from the centre (r = 0) to the surface of the star (r = R) (see [95] for
seminal work). In this section we will focus on the Durgapal’s fourth model, which is described by the following line
3element [95]
ds2 = eνdt2 − eλdr2 − r2dΩ2, (3)
where the functions involved are defined as follow:
eν(x) = A(1 + x)4, (4)
e−λ(x) =
7− 10x− x2
7(1 + x)2
+
Bx
(1 + x)2(1 + 5x)2/5
, (5)
x = Cr2, (6)
Please note that the set of constant A and B are dimensionless parameters whereas the function x is dimensionless
too. The parameter C has units of length−2. The later space-time describes a spherically symmetric and static
configuration associated to an isotropic matter distribution i.e. equal radial and transverse pressures pr = pt. The
perfect fluid parameters that characterize this model are given by
ρ˜(r) =
C
κ
[
8
7
(9 + 2x+ x2)
(1 + x)3
− B(3 + 10x− 9x
2)
(1 + x)3(1 + 5x)
7
5
]
, (7)
p˜(r) =
C
κ
[
16
7
(2− 7x− x2)
(1 + x)3
+
B(1 + 9x)
(1 + x)3(1 + 5x)
2
5
]
, (8)
As was pointed out earlier, one of the essential features of anisotropic models is the inequality between radial and
tangential pressures i.e. pr 6= pt. In the next section we will introduce the mechanism to include anisotropies in
the above model. It is worth mentioning that this model was already worked in the context of anisotropic fluid
distributions and charged ones [100–102], obtaining, a well posed toy model to describe compact structures. As we
will see later, these antecedents shall be used to compared some aspects of the resulting to model provided by this
article.
III. MINIMAL GEOMETRIC DEFORMATION AND GRAVITATIONAL DECOUPLING
This section is introduce the well-known minimal geometric deformation (MGD hereafter) approach. The later is a
novel tool useful to generate anisotropic solutions of the Einstein field equations starting from a isotropic one [63]. In
general, there are many ways to introduce anisotropies in isotropic (anisotropic) models, however, we will only focus on
the case where the shear term (of the energy–momentum tensor) is taken to be zero. Thus, the inclusion of (additional)
anisotropies considered here appears when pt − pr 6= 0. In order to produce the aforementioned anisotropies, it is
necessary to account a supplementary gravitational source which, in principle, could be e.g. a tensorial, a vectorial
or an scalar field. The latter source is considered as an additional term to the energy–momentum tensor associated
to the seed solution. The coupling appears via a dimensionless coupling constant α. The effective energy momentum
tensor can be defined as follows
Tµν ≡ T˜µν + αθµν , (9)
where T˜µν is associated to a perfect fluid given by (7)-(8), and θµν encoded the anisotropies contributions. Now,
taking advantage of the expressions (3) and (9) the effective Einstein field equations are
κρ =
1
r2
− e−λ
(
1
r2
− λ
′
r
)
, (10)
κpr = − 1
r2
+ e−λ
(
1
r2
+
ν′
r
)
, (11)
κpt =
1
4
e−λ
(
2ν′′ + ν′2 − λ′ν′ + 2ν
′ − λ′
r
)
, (12)
where primes mean differentiation with respect to the radial coordinate r. The Bianchi’s identities are given by
∇µT µν = 0, (13)
4which reads
p˜′ +
1
2
ν′ (p˜+ ρ˜)− αK(θii) = 0, (14)
where the function K(θii) encodes the corresponding anisotropies and it is defined as
K(θii) ≡ (θrr)′ +
1
2
ν′
(
θrr − θtt
)
+
2
r
(
θrr − θϕϕ
)
, (15)
being the Eq. (14) a linear combination of the effective pressures and density. Thus, the parameters involved are: i)
the effective density ρ, ii) the effective radial pressure pr and finally iii) the effective tangential pressure pt. We link
the above functions with the perfect fluid parameters as follows
ρ ≡ ρ˜+ αθtt (16)
pr ≡ p˜− αθrr (17)
pt ≡ p˜− αθϕϕ . (18)
It is essential to point out that the inclusion of the θ-term introduces anisotropies if θrr 6= θϕϕ only. Thus the effective
anisotropy is defined in the usual manner, namely
∆ ≡ pt − pr = α
(
θrr − θϕϕ
)
. (19)
Naturally, we recover a perfect fluid when α is taken to be zero. In general, it is not trivial to obtain analytic solutions
of the Einstein field equations in the context of interior solutions ı.e, relativistic stars. To find a tractable exact
solution, albeit recent, a popular alternative is the gravitational decoupling via the MGD approach. The crucial point
of this technique relies on the following maps
eν(r) 7→ eν(r) + αh(r) (20)
e−λ(r) 7→ µ(r) + αf(r), (21)
in which we deform minimally the gtt and grr components of the metric. The later maps deform the metric com-
ponents by the inclusion of certain unknown functions h(r) and f(r). At this level, it is noticeable remark that the
corresponding deformations are purely radial. The later feature remains the spherical symmetry of the solution. The
Minimal Geometric Deformation method corresponds to set h(r) = 0 (with f(r) 6= 0, or h(r) 6= 0 with f(r) = 0).
The first case maintain the deformation in the radial component only, which means that any temporal deformation is
excluded. In light of this, the anisotropic tensor θµν is produced by the radial deformation (21).
The system of differential equations can be split under the replacement (21). Thus, the field equations are naturally
decoupled in two set: i) the first set satisfies Einstein field equations, and correspond to the isotropic (anisotropic)
case, namely α = 0, and it is given by
κρ˜ =
1
r2
− µ
r2
− µ
′
r
(22)
κp˜ = − 1
r2
+ µ
(
1
r2
+
ν′
r
)
(23)
κp˜ =
µ
4
(
2ν′′ + ν′2 + 2
ν′
r
)
+
µ′
4
(
ν′ +
2
r
)
, (24)
along with the following conservation equation
p˜′ +
1
2
ν′ (p˜+ ρ˜) = 0, (25)
and ii) the second set of equations corresponds to the θ-sector which is obtained when we turn on α. Thus, the
equations for the later sector are:
κθtt = −
f
r2
− f
′
r
(26)
κθrr = −f
(
1
r2
+
ν′
r
)
(27)
κθϕϕ = −
f
4
(
2ν′′ + ν′2 + 2
ν′
r
)
− f
′
4
(
ν′ +
2
r
)
. (28)
5The corresponding conservation equation associated to the θ-sector is computed to be
(θrr)
′ − 1
2
ν′
(
θtt − θrr
)− 2
r
(
θϕϕ − θrr
)
= 0. (29)
It is important to remark that the above equation is precisely the essential point to use the MGD approach, given
that it guarantees that the sources T˜µν and θµν interact only gravitationally.
IV. THE MODEL
To solve the system of equations (26)-(28) we have considered the following relation between the components of the
θ source,
θtt = aθ
r
r + bθ
ϕ
ϕ, (30)
where a and b are dimensionless parameters. The above constraint on the components of the anisotropic sector has
been recently applied to some problems in the context of black hole physics [71]. It is worth mentioning that (30) can
be thought as an equation of state F (p, ρ) ≡ 0 given that it combine the anisotropic “pressure” with the corresponding
anisotropic “density”. In such sense, although it is not clear how the component of θµν are related, it is always natural
to impose a general relation between them and then try to take an adequate combination of parameters such as (30)
serves to obtain well-defined physical solutions. Besides, given that our starting point is an isotropic solution, it is
also natural that we try to put some constraints on the anisotropic sector, reason why the equation of state is only
related to θµν . Finally, the MGD approach also needs a supplementary condition to complete the set of equations.
Given that θ-sector is in general unknown make sense to explore different possible combinations on this anisotropic
tensor.
The above equation of state (30) allows us to determine the decoupler function f(r). Specifically (30) leads to the
following first order differential equation to f(r)
f
[
1
r2
− a
(
1
r2
+
ν′
r
)
− b
4
(
2ν′′ + ν′2 +
2
r
ν′
)]
+ f ′
[
1
r
− b
4
(
ν′ +
2
r
)]
= 0, (31)
where ν is given by Eq. (4). The general solution of Eq. (31) is
f(r) =
(−5Cbr2 + 2Cr2 − b + 2)(−4ab−6b2+16a+4b+8)(b−2)(5b−2) r− 2(a−1)b−2
(Cr2 + 1)2
D, (32)
being D an integration constant. In order to avoid a singular behavior when r → 0, one needs to impose some
restrictions on the parameters a and b, those are: i) b 6= 2, ii) b 6= 5/2 and iii) −2 (a− 1) / (b− 2) > 0. In this
opportunity we have taken a and b to be free parameters. Concretely, we have chosen a = −1 and b = 4, these values
produce the following decoupler function f(r)
f(r) =
Dr2
4 (9Cr2 + 1)2 (Cr2 + 1)2
. (33)
So, the constant D has units of length−2. This is so because the decoupler function f(r) must be dimensionless.
Moreover, for the sake of simplicity we take D = C, then Eq. (33) becomes
f(r) =
Cr2
4 (9Cr2 + 1)2 (Cr2 + 1)2
. (34)
It is worth mentioning that different elections on parameters a and b conduce to different expressions for f(r), hence
it is not always possible to take D = C.
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FIG. 1: Variation of metric potentials with respect to the dimensionless radial coordinate r/R, for different values of the
constant parameters mentioned in tables II and V.
Next, by inserting (34) into (26)-(28) we get the following components of the extra field θµν as follows
θtt =
1
32pi
(
45C2r4 + 10Cr2 − 3)C
(9Cr2 + 1)
3
(Cr2 + 1)
3 , (35)
θrr = −
1
32pi
C
(Cr2 + 1)
3
(9Cr2 + 1)
, (36)
θϕϕ = −
1
32pi
(
9C2r4 + 2Cr2 + 1
)
C
(9Cr2 + 1)
3
(Cr2 + 1)
3 . (37)
Thus, the effective thermodynamic variables that quantified the system under study given by (16)-(18) have the
following form
ρ(r) =
C
8pi
[
8
7
(9 + 2Cr2 + C2r4)
(1 + Cr2)3
− B(3 + 10Cr
2 − 9C2r4)
(1 + Cr2)3(1 + 5Cr2)
7
5
]
+
α
32pi
(
45C2r4 + 10Cr2 − 3)C
(9Cr2 + 1)
3
(Cr2 + 1)
3 , (38)
pr(r) =
C
8pi
[
16
7
(2− 7Cr2 − C2r4)
(1 + Cr2)3
+
B(1 + 9Cr2)
(1 + Cr2)3(1 + 5Cr2)
2
5
]
+
α
32pi
C
(Cr2 + 1)
3
(9Cr2 + 1)
, (39)
pt(r) =
C
8pi
[
16
7
(2− 7Cr2 − C2r4)
(1 + Cr2)3
+
B(1 + 9Cr2)
(1 + Cr2)3(1 + 5Cr2)
2
5
]
+
α
32pi
(
9C2r4 + 2Cr2 + 1
)
C
(9Cr2 + 1)
3
(Cr2 + 1)
3 . (40)
Besides from Eq. (19) we get
∆(r) = − α
(
9Cr2 + 2
)
C2r2
4pi (9Cr2 + 1)
3
(Cr2 + 1)
3 . (41)
It is worth mentioning that the anisotropy factor (41) restricts the signature of the α parameter. As can be seen
from expression (41) the whole right member is proportional to α and negative defined unless α < 0. Therefore, to
assure a well defined compact structure, positive α values are discarded in order to avoid nonphysical behaviours into
the stellar matter distribution such as instabilities. In what follows we shall consider as an example the values −1
and −2 and the limit case 0 the contrast the results with the GR scenario. Once the thermodynamic variables are
given, the explicit inner geometry obtained with the above formalism describing the deformed Durgapal’s IV model
is represented by
ds2 = A
(
1 + Cr2
)4
dt2 −
[
7− 10Cr2 − C2r4
7 (1 + Cr2)
2 +
BCr2
(1 + Cr2)
2
(1 + 5Cr2)
2/5
+
αCr2
4 (9Cr2 + 1)
2
(Cr2 + 1)
2
]−1
dr2 − r2dΩ2.
(42)
At this stage we have the full thermodynamic and geometric description of our model. Next, we explore all the main
physical properties that this toy model must fulfill in order to represent compact configurations such as neutron stars,
at least form the theoretical point of view.
7A. Physical analysis
A well behaved compact structure, describing real celestial bodies, must satisfy certain general requirements. The
latter is mandatory to get an appropriate model. To check these formalities we explore here in some details the conduct
of the main salient features obtained in the previous section, namely the effective energy-density, the tangential and
radial pressures, the anisotropy factor and the geometry of the model for all r raging, starting from the center r = 0,
up to the boundary r = R. So, regarding the interior manifold it is observed from Eq. (42) that the pair of metric
functions {eν , eλ} is completely regular for r ∈ [0, R]. Moreover, eν |r=0 > 0, (eν)′ |r=0 = 0 and eλ|r=0 = 1. As we
will see later this behavior allows to match the inner geometry to the exterior space-time in a smoothly way at the
interface Σ ≡ r = R to get the constant parameters that characterize the model. On the other hand, not only the
geometry must be well behaved for the interval 0 ≤ r ≤ R. In this regard the main thermodynamic variables must
respect some criteria. From expressions (38)-(40) at the center of the compact configuration we have
ρ(0) =
C
8pi
[
72
7
− 3B − 3α
4
]
, (43)
pr(0) = pt(0) =
C
8pi
[
32
7
+B +
α
4
]
. (44)
As these quantities should be monotone decreasing functions from the center towards the surface of the star, this
entails that their maximum values are attained at r = 0. What is more these observables must be positive everywhere
inside the structure. Thus from (44) one obtains
− 32
7
− α
4
< B. (45)
Furthermore the equation of state parameter ω ≡ pr/ρ ≤ 1 leads to
B ≤ 10
7
− α
4
. (46)
Therefore the constant parameter B is restricted to lies between
− 32
7
− α
4
< B ≤ 10
7
− α
4
. (47)
The monotone decreasing behaviour of these physical quantities means that all of them reach their minimum values
at the surface Σ. In Fig. 2 are depicted the trend of the effective radial and tangential pressures. It is observed that
the both pressure waves in the principal direction of the object coincide at the center. Besides, the pressure waves
in the tangential direction pt dominates the radial one pr at every point inside the star. Furthermore, the effective
radial pressure is totally vanishing at the boundary Σ. The trace of the effective energy-density ρ is illustrated in
the lower row (right panel) of Fig. 2. As can be appreciated its behavior respects the guidelines discussed above for
stellar interiors.
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FIG. 2: Upper panels: The radial pr and tangential pt pressures against r/R. Lower left panel: the anisotropy factor ∆
against the dimensionless radius. Lower right panel : The energy-density versus the ratio r/R. These plots were building
by using different values of constant parameters depicted in tables II and V.
B. Junction conditions
As compact objects are delimited for the boundary Σ ≡ r = R, the material content threading the stellar interior
must be confined between 0 and R. To ensure the confinement of this matter distribution one needs to study the so
called junction conditions at the surface of the structure. In general relativity theory this procedure is carried out by
applying the well known Israel-Darmois [103, 104] matching conditions. To do so the inner manifold M− describing
the stellar interior is matched in a smoothly way at the interface Σ with the corresponding exterior manifoldM+. In
this opportunity the outer space-time is described by the vacuum Schwarzschild solution [105]
ds2 =
(
1− 2M
r
)
dt2 −
(
1− 2M
r
)−1
dr2 − r2dΩ2. (48)
The above space-time (48) is pertinent because the present model is representing an uncharged anisotropic solution.
Nevertheless, this could involve a more complicated situation due to the modifications introduced in the geometry
and material parts by the θ-sector. In principle the new source θµν could modified the exterior geometry as well as
its material content. If this is the case the outer manifold (48) becomes
ds2 =
(
1− 2M
r
)
dt2 −
(
1− 2M
r
+ αg(r)
)−1
dr2 − r2dΩ2, (49)
where g(r) represents the deformation function (see [71] and references therein for further details). In this regard the
study of Schwarzschild space-time minimally deformed has been analyzed in [70]. In this opportunity and without
lost of generality we shall assume that g(r) = 0, ı.e, the exterior manifold surrounding the stellar interior is the
original vacuum Schwarzschild solution. So, the compliance of the matching conditions at the interface Σ dictates the
continuity of the first and second fundamental forms. At the hyper-surface described by Σ the inner manifold M−
and the outer one M+ induce the intrinsic and extrinsic curvatures characterized by the metric tensor gµν and the
symmetric extrinsic curvature tensor Kij (Latin indices run over spatial coordinates only), respectively. Given that
the metric tensor gµν is continuous across the surface Σ, we have, from Eqs. (42) and (48) that
g−tt
∣∣∣
r=R
= g+tt
∣∣∣
r=R
,
A
(
1 + CR2
)4
= 1− 2M
R
,
(50)
9g−rr
∣∣∣
r=R
= g+rr
∣∣∣
r=R
,
∴
7− 10CR2 − C2R4
7 (1 + CR2)
2 +
BCR2
(1 + CR2)
2
(1 + 5CR2)
2
5
+
αCR2
4 (9CR2 + 1)
2
(CR2 + 1)
2 = 1− 2
M
R
.
(51)
In the expressions (50)-(51) the quantity M which corresponds to the total mass contained by the fluid sphere is
replacing the Schwarzschild mass M˜ , due to at the boundary Σ both quantities coincide ı.e, m(r)|r=R = M = M˜ .
On the other hand, the object Kij , which determines the continuity of the components of the second fundamental
form, is guaranteed just in case where the surface is free from thin shells or surface layers [103]. In that case the r− r
component of Kij leads to
pr(r)|r=R = 0. (52)
So, the condition pr(R) = 0 entails that there is not thin shells. Consequently, the surface density σ and pressure
P [103] induced on the boundary are completely vanished, thus the extrinsic curvature tensor is continuous. To
guarantee a null radial pressure at the boundary. From Eq. (52) one obtains the following relation to determine the
constant B,
B =
(
576R6C3 + 4096R4C2 − 704R2C − 7α− 128)
128 (81R4C2 + 18R2C + 1)
(
5R2C + 1
)2/5
. (53)
The continuity of Kθθ and Kφφ yields to
M = m(R) = 4pi
∫ R
0
(
ρ˜+ αθtt
)
r2dr, (54)
being M the total mass contained by the fluid sphere. It should be noted that the expression (51) is completely
equivalent to the expression (54) [123]. Then the set of Eqs. (50), (51) and (53) are the necessary conditions to obtain
all the constant parameters. In following we shall fix α, C and the radius R. In table I are displayed the obtained
mass and the parameters A and B.
TABLE I: The numerical values for the total mass, compactness factor and surface gravitational red–shift for a = −1, b = 4
and α = −1.0.
Strange Stars Candidates MGR/M⊙ R [km] uGR =MGR/R zs M/M⊙ u =M/R zs(MGD)
Her X − 1 [96] 0.85 8.1 0.154595 0.203153 0.87 0.157403 0.208073
SMC X − 1 [97] 1.04 8.301 0.184571 0.259026 1.06 0.187469 0.264848
LMC X − 4 [97] 1.29 8.831 0.215199 0.324997 1.31 0.218044 0.331663
TABLE II: The numerical values of constant parameters C, A and B for different values of M and R mentioned in table I and
a = −1, b = 4 and α = −1.0.
Strange Stars candidates C [km−2] A (Dimensionless) B (Dimensionless)
Her X − 1 [96] 0.0009287 0.5408387 −2.4614406
SMC X − 1 [97] 0.0011763 0.4576442 −2.0636227
LMC X − 4 [97] 0.0013375 0.3754957 −1.6360451
TABLE III: The numerical values for central and surface density, central pressure, critical adiabatic index and central adiabatic
index for different values listed in tables I and II, taking a = −1, b = 4 and α = −1.0.
Strange Stars ρ(0) ρ(R) pr(0) Γcrit Γ
Candidates ×1015 [g/cm3] ×1014 [g/cm3] ×1035 [dyne/cm2]
Her X − 1 [96] 0.91838 6.94944 0.83461 1.47575 3.87767
SMC X − 1 [97] 1.08795 7.68708 1.28333 1.50295 3.18179
LMC X − 4 [97] 1.14485 7.55726 1.73542 1.53061 2.67374
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TABLE IV: The numerical values for the total mass, compactness factor and surface gravitational red–shift for a = −1, b = 4
and α = −2.0.
Strange Stars Candidates MGR/M⊙ R [km] uGR =MGR/R zs M/M⊙ u =M/R zs(MGD)
Her X − 1 [96] 0.85 8.1 0.154595 0.203153 0.88 0.160209 0.21305
SMC X − 1 [97] 1.04 8.301 0.184571 0.259026 1.07 0.190366 0.27075
LMC X − 4 [97] 1.29 8.831 0.215199 0.324997 1.32 0.220889 0.33843
TABLE V: The numerical values of constant parameters C, A and B for different values of M and R mentioned in table IV
and a = −1, b = 4 and α = −2.0.
Strange Stars candidates C [km−2] A (Dimensionless) B (Dimensionless)
Her X − 1 [96] 0.0009545 0.5329893 −2.3111014
SMC X − 1 [97] 0.0012081 0.4497442 −1.9302915
LMC X − 4 [97] 0.0014077 0.3680033 −1.5194916
TABLE VI: The numerical values for central and surface density, central pressure, critical adiabatic index and central adiabatic
index for different values listed in tables IV and V, taking a = −1, b = 4 and α = −2.0.
Strange Stars ρ(0) ρ(R) pr(0) Γcrit Γ
Candidates ×1015 [g/cm3] ×1014 [g/cm3] ×1035 [dyne/cm2]
Her X − 1 [96] 0.95929 6.99941 0.81191 1.47828 3.07256
SMC X − 1 [97] 1.14006 7.71957 1.24992 1.50557 2.47052
LMC X − 4 [97] 1.23529 7.69822 1.73586 1.53318 2.02458
TABLE VII: The numerical values for central and surface density, central pressure, critical adiabatic index and central adiabatic
index for the GR case (α = 0.0).
Strange Stars ρ(0) ρ(R) pr(0) Γcrit Γ
Candidates ×1015 [g/cm3] ×1014 [g/cm3] ×1035 [dyne/cm2]
Her X − 1 [96] 0.87932 6.89622 0.85361 1.47321 5.10185
SMC X − 1 [97] 1.03832 7.65191 1.31203 1.50033 4.31034
LMC X − 4 [97] 1.11676 7.67022 1.81969 1.52804 3.76308
V. RESULTS AND DISCUSSION
In this section the most important results obtained in this work are discussed and highlighted. These results concern
the obtained inner geometry describing the stellar interior, the behaviour of the principal thermodynamic observables
such as density ρ, radial pressure pr and tangential pressure pt. Besides, the energy conditions, equilibrium and
stability mechanism are analyzed in order to verify if the model could represent compact structures such as neutron
or quark stars.
We start the discussion analyzing the obtained geometry given by Eq. (42). As can be seen the deformation function
f(r) (34) is vanishing at the center of the star r = 0 and completely regular at every point inside the structure. This
fact ensures that the deformed metric potential e−λ 7→ µ(r) + αf(r) matches with the result obtained in general
relativity ı.e, eλ(r)|r=0 = 1 as expected. The trend of both metric potentials is depicted in Fig. 1 for α = −1.0 (left
panel) and α = −2.0 (right panel). The solid line represents the inverse of the radial metric potential e−λ while the
dashed one the temporal potential eν . As illustrates Fig. 1 the temporal component of the interior space–time respects
the pertinent requirements that is, monotone increasing function with increasing radial coordinate and eν(0) > 0 at
r = 0. Besides, as it is observed both metric potentials coincide at the boundary of the compact structure. This
shows that the junction condition process is correct.
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The principal thermodynamic variables driving the matter distribution inside the fluid sphere are shown in Fig. 2.
As can be seen in Fig. 2 (Upper panels) the radial and tangential pressures coincide at the center of the structure
and drift apart towards the boundary. Moreover, the transverse pressure dominates the radial one in all cases. It
is worth mentioning that the central pressure increases with increasing mass. Furthermore, from Fig. 2 (Lower left
panel) it is clear that the anisotropy quantifier ∆ is a monotone increasing function with increasing radius. Of course,
as can be seen at the center of the object we have ∆ = 0 due to at r = 0 both pressures are equal. However, at the
surface of the star the blue curve takes greater values in comparison with the red and green curves. This means that
the difference between pr and pt increases as the total mass increases. At this point it should be noted that in order
to have a positive anisotropy factor ∆ inside the stellar interior from Eq. (41) is evident that α must be negative.
As pointed out by Gokhroo and Mehra a positive anisotropy factor allows the construction of more compact objects
[19]. With respect to the energy–density ρ from the lower right panel of Fig. 2 it is observed that in all cases this
observable takes its upper value at the center of the star and decreases monotonically towards the boundary Σ. An
interesting point to be highlighted here, is that the central parameters ρ(0) and pr(0) and the surface density ρ(R)
increase with increasing mass and increasing α magnitude (for further details see tables III and VI). On the other
hand, as shown table VII the central and surface density in the GR case are dominated when MGD is present, while
GR central pressure dominates the MGD scenario. Next, from the upper left (α = −1.0) and right (α = −2.0) panels
of Fig. 3 is illustrated that the velocities of the pressure waves in the main directions, expressed by
v2r(r) =
dpr(r)
dρ(r)
and v2t (r) =
dpt(r)
dρ(r)
, (55)
are less than the unit (where c = 1), then the present model satisfies causality condition. Nevertheless, as the mass
increases occurs a swap between vr and vt. This fact is related with the instabilities against cracking process [18]
introduced by the anisotropies in the stellar matter distribution. To check the unstable regions inside the star we have
plotted the so called Abreu’s factor |v2t − v2r | [26] (lower right panel in Fig. 3) and the difference of the square sound
velocities (lower left panel in Fig. 3). The change in sign of v2t − v2r means that the system present unstable regions
ı.e, zones with cracking. Explicitly, the stable/unstable regions within the stellar interior, when local anisotropies are
there can be found as [26],
δ∆
δρ
∼ δ (pt − pr)
δρ
∼ δpt
δρ
− δpr
δρ
∼ v2t − v2r . (56)
Taking into account (56), one gets 0 ≤ |v2t − v2r | ≤ 1, which can be re–expressed as follows
−1 ≤ v2t − v2r ≤ 1 =
{
−1 ≤ v2t − v2r ≤ 0 Potentially stable
0 < v2t − v2r ≤ 1 Potentially unstable
}
. (57)
Therefore, the compact structure will be stable under radial perturbations induced by local anisotropies, if the
subliminal radial sound speed, v2r , of the pressure waves, dominates everywhere against the subliminal sound velocity
of the pressure waves in the tangential direction v2t . As can be seen from the lower panels in Fig. 3, there is a clear
tendency of the system to present unstable regions when the mass of the system increases. Also, the situation is even
worse when the parameter α increases (in magnitude). On the other hand, for values corresponding to the star Her
X–1 (the least massive star), the system does not present unstable zones. In this concern, it is clear that the mass
of the object directly influences the fulfillment of this stability criterion as well as does the parameter α. Thus, in
light of the features above, one possibility to circumvent cracked areas in the stellar interior, without considering less
massive objects, would be limiting the value (magnitude) of the constant coupling α. This can also be done without
loss of generality. The latter is true because α is a free parameter that only controls the strength of the anisotropy
induced via MGD by gravitational decoupling.
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FIG. 3: Upper row: The square of sound velocity of pressure waves in the principal directions for α = −1.0 (left side) and
α = −2.0 (right side), respectively. Lower left panel: The different of the squared sound velocities against the dimensionless
radial coordinate. Lower right panel: Abreu’s factor versus the radial coordinate r/R
On the other hand we also have checked the stability of the configuration using the relativistic adiabatic index Γ.
For a Newtonian isotropic fluid distribution the stability condition is Γ > 4/3 [7, 15]. However, in the anisotropic
relativistic scenario the above condition is quite different. In that case the system should satisfies [16, 17]
Γ >
4
3
+
[
1
3
κ
ρ0pr0
|p′r0|
r +
4
3
(pt0 − pr0)
|p′r0|r
]
max
(58)
where ρ0 corresponds to the initial density and pr0 represents the radial pressure (when the fluid is in static equilib-
rium). Finally, pt0 is the corresponding tangential pressure (again when the fluid is in static equilibrium). The second
term in the right hand side represents the relativistic corrections to the Newtonian perfect fluid and the third term is
the contribution due to anisotropy. It is observed that the stability condition is modified due to relativistic corrections
and the presence of local anisotropies. However, as was pointed out by Chandrasekhar [106, 107] relativistic correction
to the adiabatic index could in principle introduce some instabilities within the stellar interior. This would happen
in the case where the object contracts until it reaches the critical radius
Rcrit =
2KM
Γ + 43
, (59)
being K a constant depending on the density distribution. Of course, in this case the local anisotropies help to avoid
this situation. Moreover, recently a more strict condition on adiabatic index for stable region was computed in [108].
It was found that critical value of adiabatic index Γcrit (to have a stable structure) depends on the amplitude of the
Lagrangian displacement from equilibrium and the compactness factor u ≡ M/R. The amplitude of the Lagrangian
displacement is characterized by the parameter ξ, so taking particular form of this parameter the critical relativistic
adiabatic index is given by
Γcrit =
4
3
+
19
21
u, (60)
where the stability condition becomes Γ ≥ Γcrit. On the other hand the explicit form to compute the adiabatic index
is given by [14]
Γ =
ρ+ pr
pr
dpr
dρ
. (61)
As the left panel of Fig. 4 shows the system is completely stable from the relativistic adiabatic index point of view
for all cases. Besides, as the numerical values displayed in tables III (α = −1.0) and VI (α = −2.0) corroborate the
13
condition Γ ≥ Γcrit is satisfied in all cases. It should be noted that as the mass of the object and the magnitude of α
increase, the central value of Γ decreases. Furthermore, as table VII shows, when α = 0.0 (GR case), the adiabatic
index takes higher values at r = 0, which indicates as Chandrasekhar argued that the presence of anisotropy does not
always improve the stability conditions of the system. However, despite this, the system is stable under this criterion.
In a more widely context, talk about stability mechanisms is rather heuristic, in this concern there are many ways to
check or analyzed the stability of a system under radial perturbations caused by the presence of anisotropies. Recently
in [109] the convection stability concept was introduced. In short, a stellar interior is stable against convection when
a fluid element displaced downward floats back to its initial position. This occurs whenever ρ′′ < 0. In Fig. 4 (middle
panel) it is shown that the model is unstable after under going convection motion. As in the relativistic adiabatic
index case, there is a clear tendency of the system to reduce the stability when both M and α increase in magnitude.
As can be appreciated, for the less massive star (Her X–1) and α = −1.0 the system is stable under this approach,
while the other cases are not. Furthermore, the same situation occurs when Abreu’s criterion analysis is employed
ı.e, the system seems to become unstable as the mass increases. On the other hand, a more reliable and well posed
stability criteria is based on the well–known Harrison–Zeldovich-Novikov [110, 111] procedure. This criteria says that
any fluid configuration is stable if the mass is a increasing function with respect to the central density ρ(0) = ρc ı.e,
∂M(ρc)
∂ρc
> 0, otherwise the model is unstable. As the right panel in Fig. 4 depicts, the total mass as a function of the
central density is an increasing quantity. Therefore, the present model is completely stable.
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FIG. 4: Left panel: Variation of the adiabatic index Γ versus r/R. Middle panel: The convection stability factor against
the dimensionless radius r/R. Right panel: The variation of the total mass against the central density.
The balance of the system under different forces such as gravitational force Fg, hydrostatic force Fh and anisotropic
force Fa is studied by employing the conservation law of the energy-momentum tensor ∇µT µν = 0 which yields to
[63]
−dp˜
dr
− α
[
ν′
2
(
θtt − θrr
)− dθrr
dr
+
2
r
(θϕϕ − θrr)
]
− ν
′
2
(ρ˜+ p˜) = 0. (62)
The expression (62) can be seen as a generalization of the well known Tolman–Oppenheimer–Volkoff (TOV) [1, 112]
which describes the hydrostatic equilibrium of isotopic fluid distributions. Of course, in this case we are dealing with
an anisotropic fluid sphere where the corresponding modifications are encode into the θ-sector. A closer look at the
equation (62) reveals that the hydrostatic, gravitational and anisotropy gradients are given by
Fh =
d
dr
[αθrr − p˜r] , (63)
Fg =
ν′
2
[
α
(
θrr − θtt
)− ρ˜− p˜r] , (64)
Fa =
2α
r
[
θrr − θϕϕ
]
. (65)
It is observed that gravitational decoupling by MGD modifies the usual gradients ı.e, the hydrostatic and gravitational
ones, introducing and extra piece moderated by the dimensionless parameter α. This new piece Fa plays the role
of anisotropic gradient, where if Fa > 0 the system experiences a repulsive force counteracting with the help of Fh
the gravitational force Fg to avoid the gravitational collapse of the structure onto a point singularity. It should be
noted that in the limit α→ 0 the TOV equation is recovered. As Fig. 5 illustrates the system is in equilibrium under
the aforementioned forces. Notwithstanding, notice that the anisotropic force is negligible in all cases in comparison
with hydrostatic and gravitational forces. Despite its small contribution the anisotropic force helps to counteract the
gravitational gradient allowing to the system remains balanced against gravitational collapse.
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In order to verify if the energy-momentum tensor threading the material content within the star is well defined, there
are some conditions that are suitable to satisfy in order to obtain a well-defined physical system. Those are refereed as
energy conditions, specifically they are: i) the weak energy condition (WEC), ii) the null energy condition (NEC), iii)
the dominant energy condition (DEC), iv) the strong energy condition (SEC) and finally the trace energy condition
(TEC). Explicitly, these are given by [113]
WEC : Tµνt
µtν ≥ 0 or ρ ≥ 0, ρ+ pi ≥ 0, (66)
NEC : Tµν l
µlν ≥ 0 or ρ+ pi ≥ 0, (67)
DEC : Tµνt
µtν ≥ 0 or ρ ≥ |pi|, (68)
where T µνtµ ∈ nonspace-like vector
SEC : Tµνt
µtν − 1
2
T λλ t
σtσ ≥ 0 or ρ+
∑
i
pi ≥ 0, (69)
TEC : gµνTµν ≥ 0 or ρ− pr − 2pt ≥ 0. (70)
where the sub-index i represents radial r or transverse t, respectively, whereas tµ and lµ are time-like vector and
null vector. In principle the origin of the above inequalities come from a purely geometric equations, namely the
Raychaudhuri equations [114]. The Einstein fields equations relate the geometry of the space-time Rµν with the
matter content Tµν . Also, the Raychaudhuri equations can be combined to obtain the above inequalities. In Fig. 6
it is clear that the SEC (Upper left panel) and DEC (Lower panels) are satisfied for all points within the compact
object. Moreover, as inequalities (66)-(70) shown the WEC is implied by DEC and NEC by SEC. Besides, as ρ, pr
and pt are strictly positive functions in the range 0 ≤ r ≤ R which ensure the fulfilment of the NEC and WEC, so we
can conclude that the energy-momentum tensor threading the matter distribution of the fluid sphere is well behaved
and represents an admissible physical fluid. Furthermore, the TEC condition is also satisfied as depicts the upper
right panel in Fig. 6.
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FIG. 5: The Tolman-Oppenheimer-Volkoff equation versus r/R, representing the balance of the system under the gravitational,
hydrostatic and anisotropic forces.
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FIG. 6: Upper row: The strong energy condition (SEC) and trace energy condition (TEC) versus the dimensionless distant
r/R. Lower row: The dominant energy condition (DEC) for different values exhibited in tables II and V.
VI. ASTROPHYSICAL OBSERVABLES
The fact to include an extra piece θµν into the matter sector via a dimensionless parameter α, alters many important
properties of the compact structures. Indeed the linear mapping expressed by Eq. (21), introduced in formalism
to separate the seed source from the new piece, induce in a natural way a modification on the gravitational mass
definition. As usual, by integrating the temporal component of the Einstein field equations (10) one obtains
m(r) = 4pi
∫ r
0
ρ(x)x2 dx =
r
2
[
1− e−λ(r)
]
. (71)
However, taking into account (16) and (21) Eq. (71) becomes
m(r) = 4pi
∫ r
0
[
ρ(x) + αθtt(x)
]
x2 dx =
r
2
[1− µ(r) − αf(r)] . (72)
So, one can re–write the mass function (72) as
m(r) =
r
2
[1− µ(r)]︸ ︷︷ ︸
mGR(r)
−αr
2
f(r), (73)
that is, the gravitational mass can be seen as the usual gravitational GR mass plus a contribution coming from the
MGD process. It is clear from (73) that more massive compact objects can be obtained when MGD is present iff
f(r) > 0 and α < 0 (and vice versa), for all r ∈ [0, R]. In this case as was pointed out before α must be negative in
order to ensure a positive anisotropy factor, what is more the expression for the decoupler function f(r) given by (33)
shows that f(r) is a strictly positive defined quantity. Additionally, the compactness factor u also changes
2u = 2uGR − αf(r). (74)
Again α = 0 regains the GR case, what is more as the seed solution is isotropic the mass–radius ration in bounded by
the well known Buchdhal limit [115]. In a more general context, the inclusion of new fields [116] and anisotropies [117]
modified the mentioned limit. In this sense it is possible the so–called extra packing of mass [118] in the framework
of gravitational decoupling by MGD. As tables I and IV display the total gravitational mass M and mass–radius
ratio u are greater than its GR counterpart, what is more as α increases in magnitude the mentioned macro physical
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parameters also increase in magnitude. This is so, because these observables have a linear dependence in α. The
surface gravitational red–shift zs is closely related with these observables. In fact zs is defined as follows
zs =
1√
1− 2u − 1 =
1√
1− 2uGR + αf(r)
. (75)
Tables I and IV depict the corresponding values of this important astrophysical observable in the GR scenario and
MGD one. In this direction, Ivanov [119] pointed out that any spherically symmetric anisotropic fluid sphere whose
transverse pressure pt satisfies SEC, the surface gravitational red–shift has an upper limit given by zs = 3.842, whereas
if pt responds to DEC the upper limit is zs = 5.211. In this opportunity, the tangential pressure satisfies both SEC
and DEC, then zs is constrained by 5.211. As can be seen the resulting values are within the mentioned range. In
Fig. 8 are shown the trend of M , u and zs versus the dimensionless radial coordinate r/R. On the other hand, to
see the stiffness of the equation of state (30) relating the components of θ–sector, we have plotted the M–R curve
for different values placed on the tables I, II, IV and V corresponding to the strange star candidates Her X–1, SMC
X–1 and LMC X–4 (see Fig. 8). In table VIII are exhibited the corresponding numerical data extracted from Fig.
8. It is observed that for the constant parameters obtained for the mentioned compact stars, the maximum mass
overcome the established limit for neutron and quark stars ı.e, M = 2M⊙. Nevertheless, as α increases in magnitude
the maximum mass is less. On the other hand, the compactness factor remains bounded by the Buchdahl limit 4/9.
This fact is very important, since it says that the system will be not undergone a gravitational collapse. Respect to
radius R the reported values obtained from Fig. 8 are within the branch of neutron stars [96, 97]. In considering the
surface gravitational red–shift, its values are bounded by 5.211. Moreover, these values are within the scope of the
reported numerical data in [100–102] for the same model.
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FIG. 7: Left panel: The mass function versus r/R. Middle panel: The mass–radius ratio versus the dimensionless radius
r/R. Right panel: The trend of the surface gravitational red–shift versus r/R.
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FIG. 8: Variation of the total mass M against the radius R, for different values of the constant parameters mentioned in tables
I, II, IV and V.
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TABLE VIII: The numerical values for the maximum mass, radius, compactness factor and surface gravitational red–shift
obtained from Fig. 8 for a = −1, b = 4, different values of α and values mentioned in tables II and V.
α Mmax/M⊙ R [km] u =Mmax/R zs
−1 2.690 11.5 0.344601 0.793747
−1 2.591 11.1 0.343879 0.789593
−1 2.487 11.0 0.333077 0.730720
−2 2.660 11.3 0.346789 0.806511
−2 2.553 11.2 0.335810 0.745066
−2 2.455 11.0 0.328791 0.708922
VII. CONCLUDING REMARKS
In the present manuscript we have investigated in detail the Durgapal’s four model in light of the minimal geometric
deformation approach by gravitational decoupling. In order to do it, we take advantage of a general equation of
state for the anisotropic sector and, for concrete values of the parameters a and b, we compute the corresponding
deformation function as well as the components of the θµν tensor, obtaining finally the corresponding effective fluid
parameters. What is more, considering that the density and the radial pressure should be monotone decreasing
function from the center towards the surface of the star, we have bounded the parameter B of the modified solution.
This parameter plays and important role in the original solution because preservation of causality condition within the
stellar interior depends on the magnitude and sign of this parameter. In this case the lower and upper bound of B are
altered by the presence of α. This means that the choice of α is constrained to satisfy causality condition. This fact
is preserved if and only if B takes negative values. The behaviour of the thermodynamic observables was studied for
different values of the parameters involved in the model. As can be seen in Fig. 2 the trend of these variables is well
behaved inside the star. Besides, to ensure a well posed stellar interior the parameter α must be negative. In tables
III and VI are shown the central density, surface density and central pressure. As can be seen the first two increase
with increasing mass and α (in magnitude), whereas the central pressure decreases in magnitude. On the other hand,
table VII displays the same parameters for the GR case ı.e, α = 0. The stability of the system was checked by using
different approaches: i) subliminal sound speeds of the pressure waves, ii) relativistic adiabatic index, iii) convection
and iv) the Harrison–Zeldovich–Novikov criteria. In considering i) and iii) the system presents instabilities for massive
objects, whereas when ii) and iv) are used the system is stable for all cases under consideration (for further details
see Figs. 3 and 4). The stability analysis is very important, since it determines if the hydrostatic equilibrium under
different gradients is stable or not. In this case, the present model is under hydrostatic balance produced by the
hydrostatic Fh, gravitational Fg and anisotropic Fa gradients. The Fig. 5 shows the trend of these gradients along
the compact structure. The positive nature of the anisotropic force Fa induced by MGD, helps to the hydrostatic Fh
one to counteract the gravitational attraction in order to avoid the collapse of the compact configuration onto a point
singularity. It is clear from panels displayed in Fig. 5 that the anisotropic gradient increases in magnitude when α
increases in magnitude. On the other hand, despite that the model satisfies the above criteria. It is also important to
check the behavior of the full energy–momentum tensor inside the compact object. In this regard, we have studied
classical energy conditions, finding that the energy–momentum tensor representing the matter distribution for this
toy model is completely regular and positive defined everywhere. As Fig. 6 illustrates, the SEC, DEC and TEC are
satisfied.
On the other hand, the effects induced by gravitational decoupling by minimal geometric deformation scheme were
explored. In this concern, it is evident that the map (21) alters the usual gravitational mass definition as shows
Eq. (73). Disturbances on the gravitational mass definition yield to modifications on the mass–radius ratio and
surface gravitational red–shift. Under this particular model, to produce more massive and compact objects one needs:
f(r) > 0 and α < 0. As can be seen in tables I and IV, the mentioned parameters within the arena of MGD
overcome their similes in the GR background. The affections on these important astrophysical parameters is quite
relevant, since by comparison the numerical values obtained in the GR case under the isotropic condition, can be
distinguished from its anisotropic counterpart when local anisotropies induced by MGD grasp are present. In Fig.
7 the gravitational mass function, compactness factor and surface gravitational red–shift are shown. Furthermore,
to see the stiffness of the equation of state (30) employed to determine the decoupler function f(r), we have built
the M–R plot 8, for the numerical data obtained for: Her X–1, SMC X–1 and LMC X–4 reported on tables I, II,
IV and V. As it is observed from Fig 8 for both cases α = −1.0 and α = −2.0 the maximum mass and radius are
{2.69M⊙, 11.5 [km]; 2.66M⊙, 11.3 [km]}, respectively (see table VIII for more details). These results shown that the
maximum mass is above to limit M = 2M⊙ for neutron and quark stars. However, the compactness factor and
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red–shift are within the scope of the usual numerical data. In this regard, it is worth mentioning that the maximum
compactness factor remains bounded by the well known Buchdahl limit. As final remark, one can conclude that the
present toy model is able to represent and describe, at least from the theoretical point of view relativistic anisotropic
compact structures.
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Appendix A: Equivalence between the Eqs. (51) and (54)
In this appendix we will demonstrate that Eqs. (51) and (54) are completely equivalents in order to determine the
total mass M contained by the fluid sphere. So, the starting point is the field equation (10)
κρ =
1
r2
− e−λ
(
1
r2
− λ
′
r
)
, (A1)
where as Eq. (16) express ρ is given by
ρ = ρ˜+ αθtt , (A2)
and as MGD dictates (see Eq. (21)), e−λ reads
e−λ(r) 7→ µ(r) + αf(r). (A3)
Next, by replacing (A2) and (A3) into (A1) one arrives to
8pi
(
ρ˜+ αθtt
)
=
1
r2
[1− µ− rµ′ − αf − αrf ′] , (A4)
where the left hand side can be re-organized as follows
8pi
(
ρ˜+ αθtt
)
=
1
r2
[
r − (µ+ αf) r
]′
. (A5)
Now, integrating both sides of (A5) over the volume dV ≡ 4pir2dr with r ∈ [0, R] and applying the first fundamental
theorem of calculus, one obtains
4pi
∫ R
0
(
ρ˜+ αθtt
)
r2dr =
R
2
[
1− µ(R)− αf(R)
]
. (A6)
On the other hand from Eq. (51)
7− 10CR2 − C2R4
7 (1 + CR2)
2 +
BCR2
(1 + CR2)2 (1 + 5CR2)
2
5
+
αCR2
4 (9CR2 + 1)
2
(CR2 + 1)
2 = 1− 2
M
R
, (A7)
after some algebra, one gets the mass M as follows
M =
R
2
[
1− 7− 10CR
2 − C2R4
7 (1 + CR2)2
− BCR
2
(1 + CR2)
2
(1 + 5CR2)
2
5
− αCR
2
4 (9CR2 + 1)2 (CR2 + 1)2
]
, (A8)
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where
µ(R) ≡ 7− 10CR
2 − C2R4
7 (1 + CR2)
2 −
BCR2
(1 + CR2)2 (1 + 5CR2)
2
5
, (A9)
f(R) ≡ CR
2
4 (9CR2 + 1)
2
(CR2 + 1)
2 . (A10)
Therefore, as can be seen Eqs. (51) and (54) lead to the same expression to compute the total mass M inside
the compact object. As final remark, it should be noted that α = 0 leads to the general relativity gravitational
mass definition, although as usual one can recast the general relativity expression by rewriting ρ˜ + αθtt = ρ and
µ(r) + αf(r) = e−λ ı.e, by using the effective quantities. Nevertheless, it must be considered that the density ρ
and metric potential e−λ of the solution in that appearance hide the contribution from gravitational decoupling and
MGD.
Appendix B: The generating function
As was pointed out by Herrera et al. [120], all the spherically symmetric and static models whose matter distribution
is described by an imperfect fluid (see [121] for the charged case), can be acquired from two generating functions.
These two primitive generating functions ζ(r) and Π(r) are given by
eν(r) = Exp
[∫ (
ζ(r) − 2
r
)
dr
]
⇒ ζ(r) = ν
′(r)
2
+
1
r
, (B1)
Π(r) = (pr − pt) = −∆(r). (B2)
Then, by using Eqs. (4), (41) and (B1)–(B2) one arrives at the following generators
ζ(r) = 4AC
(
1 + Cr2
)3
r +
1
r
, (B3)
Π(r) =
α
(
9Cr2 + 2
)
C2r2
4pi (9Cr2 + 1)3 (Cr2 + 1)3
. (B4)
At this point it should be noted that, the second generator (B2) is naturally induced by gravitational decoupling by
means of MGD. So, if α = 0, the solution turn on isotropic (one recovers the seed solution in the GR arena), then (B4)
is null. In that case the generator is given only by (B1), coinciding with the results reported by Lake in [122].
[1] R.C. Tolman, Phys. Rev. 55, 364 (1939).
[2] G. Panotopoulos and A´. Rinco´n, Eur. Phys. J. C 79, no. 6, 524 (2019).
[3] G. Panotopoulos and A´. Rinco´n, Eur. Phys. J. Plus 134, no. 9, 472 (2019)
[4] G. Panotopoulos, . Rincn and I. Lopes, Eur. Phys. J. C 80 (2020), 318
[5] M. Delgaty and K. Lake, Comput. Phys. Commun. 115, 395 (1998).
[6] R. L. Bowers and E. P. T. Liang, Astrophys. J. 188 657, (1974).
[7] H. Heintzmann and W. Hillebrandt, Astron. Astrophys. 38, 51 (1975).
[8] L. Herrera and N. O. Santos, Phys. Rep. 286, 53 (1997).
[9] M. Cosenza, L. Herrera, M. Esculpi and L. Witten, J. Math. Phys. 22, 118 (1981).
[10] M. Cosenza, L. Herrera, M. Esculpi and L. Witten, Phys. Rev. D 25, 2527 (1982).
[11] L. Herrera and J. Ponce de Leo´n, J. Math. Phys. 26, 2302 (1985).
[12] J. Ponce de Leo´n, Gen. Relativ. Gravit. 19, 797 (1987).
[13] J. Ponce de Leo´n, J. Math. Phys. 28, 1114 (1987).
[14] R. Chan, S. Kichenassamy, G. Le Denmat and N.O. Santos, Mon. Not. R. Astron. Soc. 239, 91 (1989).
[15] H. Bondi, Mon. Not. R. Astron. Soc. 259, 365 (1992).
[16] R. Chan, L. Herrera and N.O. Santos, Class. Quantum Grav. 9, 133 (1992).
[17] R. Chan, L. Herrera and N.O. Santos, Mon. Not. R. Astron. Soc. 265, 533 (1993).
20
[18] L. Herrera, Phys. Lett. A 165, 206 (1992).
[19] M. K. Gokhroo and A. L. Mehra, Gen. Rel. Grav. 26, 75 (1994).
[20] A. Di Prisco, E. Fuenmayor, L. Herrera, V. Varela, Phys. Lett. A 195, 23 (1994).
[21] A. Di Prisco, L. Herrera, V. Varela, Gen. Relativ. Gravit. 29, 1239 (1997).
[22] K. Dev and M. Gleiser, Gen. Relativ. Gravit. 34, 1793 (2002).
[23] M.K. Mak and T. Harko, Chin. J. Astron. Astrophys. 2, 248 (2002).
[24] M.K. Mak, P.N. Dobson and T. Harko, Int. J. Mod. Phys. D 11, 207 (2002).
[25] M. K. Mak and T. Harko, Proc.Roy.Soc.Lond. A 459, 393 (2003).
[26] H. Abreu, H. Herna´ndez and L. A. Nu´n˜ez, Calss. Quantum. Grav. 24, 4631 (2007).
[27] S. Viaggiu, Int. J. Mod. Phys.D 18, 275 (2009).
[28] R.P. Negreiros, F. Weber, M. Malheiro and V. Usov, Phys. Rev. D 80 083006, (2009).
[29] B.V. Ivanov, Int. J. Theor. Phys. 49, 1236 (2010).
[30] I. Lopes, G. Panotopoulos and A´. Rinco´n, Eur. Phys. J. Plus 134, no. 9, 454 (2019)
[31] F. Tello-Ortiz, M. Malaver, . Rincn and Y. Gomez-Leyton, Eur. Phys. J. C 80 (2020) no.5, 371
[32] F. Rahaman, S. Ray, A.K. Jafry and K. Chakraborty, Phys. Rev. D 82, 104055 (2010).
[33] F. Rahaman, P.K.F. Kuhfittig, M. Kalam, A.A. Usmani and S. Ray, Class. Quantum Gravit. 28, 155021 (2011).
[34] S. K. Maurya, Y. K. Gupta Astrophys. Space Sci. 333, 149 (2011).
[35] M. Kalam, F. Rahaman, S. Ray, S. M. Hossein, I. Karar and J. Naskar, Eur. Phys. J. C 72, 2248 (2012).
[36] F. Rahaman, R. Maulick, A.K. Yadav, S. Ray and R. Sharma, Gen. Relativ. Gravit. 44 107, (2012).
[37] S. K. Maurya, Y. K. Gupta, S. Ray and B. Dayanandan, Eur. Phys. J. C 75, 225 (2015).
[38] S.K. Maurya, Y.K. Gupta, S. Ray and D. Deb, Eur. Phys. J. C 76, 693 (2016).
[39] S. K. Maurya, Y. K. Gupta, B. Dayanandan and S. Ray, Eur. Phys. J. C 76, 266 (2016).
[40] P. Bhar, K. N. Singh, N. Sakar. and F. Rahaman, Eur. Phys. J. C 77, 596 (2017).
[41] S. K. Maurya, Y. K. Gupta, S. Ray and D. Deb, Eur. Phys. J. C 77, 45 (2017).
[42] S. K. Maurya and M. Govender, Eur. Phys. J. C 77, 347 (2017).
[43] S. K. Maurya, Y. K. Gupta, B Dayanandan, M. K. Jasim and A. Al-Jamel, int. J. Mod. Phys. D 26, 1750002 (2017).
[44] S. K. Maurya, Y. K. Gupta, F. Rahaman, M. Rahaman and A. Banerjee, Ann. of Phys. 385, 532 (2017)
[45] M. K.Jasim, D.Deb, S.Ray, Y.K. Gupta and S. R. Chowdhury, Eur. Phys. J. C 78, 603 (2018).
[46] K. Matondo, S. D.Maharaj and S. Ray, Eur. Phys. J. C 78, 437 (2018).
[47] M. H. Murad, Eur. Phys. J. C 78, 285 (2018).
[48] S.K. Maurya, A. Banerjee, and S.Hansraj, Phys. Rev. D 97, 044022 (2018).
[49] S. K. Maurya et.al., Chinese Phys. C 42, 055101 (2018).
[50] S.K. Maurya, A. Errehymy, D. Deb, F. Tello-Ortiz, and M. Daoud, Phys. Rev. D 100, 044014 (2019).
[51] S. K. Maurya, S. D. Maharaj, J. Kumar and A. K. Prasad, Gen. Rel. and Grav. 51, 86 (2019).
[52] S. K. Maurya, S. D. Maharaj and D. Deb, Eur. Phys. J. C 79, 170 (2019).
[53] J. Ovalle, Mod.Phys.Lett. A 23, 3247 (2008).
[54] J. Ovalle and F. Linares, Phys.Rev. D 88, 104026 (2013).
[55] J. Ovalle, F. Linares, A. Pasqua, A. Sotomayor,Class. Quantum Grav., 30, 175019 (2013).
[56] R. Casadio, J. Ovalle, R. da Rocha, Class. Quantum Grav. 30, 175019 (2014).
[57] R. Casadio, J. Ovalle and R. da Rocha, Europhys. Lett. 110, 40003 (2015).
[58] R. Casadio, J. Ovalle and R. da Rocha, Class. Quantum Grav. 32, 215020 (2015).
[59] J. Ovalle, Laszlo´ A. Gergely and R. Casadio, Class. Quantum Grav. 32, 045015 (2015).
[60] J. Ovalle, Int. J. Mod. Phys. Conf. Ser. 41, 1660132 (2016).
[61] J. Ovalle, Phys. Rev. D 95, 104019 (2017).
[62] J. Ovalle, R. Casadio and A. Sotomayor, Adv. High Energy Phys. 2017, 9 (2017).
[63] J. Ovalle, R. Casadio, R. da Rocha and A. Sotomayor, Eur. Phys. J. C 78, 122 (2018).
[64] E. Morales and F. Tello-Ortiz, Eur. Phys. J. C 78, 841 (2018).
[65] M. Estrada and F. Tello-Ortiz, Eur. Phys. J. Plus 133, 453 (2018).
[66] E. Morales and F. Tello-Ortiz, Eur. Phys. J. C 78, 618 (2018).
[67] L. Gabbanelli, A. Rinco´n and C. Rubio, Eur. Phys. J. C 78, 370 (2018).
[68] C. Las Heras and P. Leo´n, Fortsch. Phys. 66, 1800036 (2018).
[69] A. R. Graterol, Eur. Phys. J. Plus 133, 244 (2018).
[70] J. Ovalle and A. Sotomayor, Eur. Phys. J. Plus 133, 428 (2018).
[71] J. Ovalle, R. Casadio, R. da Rocha , A. Sotomayor and Z. Stuchlik, Eur. Phys. J. C 78, 960 (2018).
[72] E. Contreras and P. Barguen˜o, Eur. Phys. J. C 78, 558 (2018).
[73] E. Contreras and P. Barguen˜o, Eur. Phys. J. C 78, 985 (2018).
[74] E. Contreras, Eur. Phys. J. C 78, 678 (2018).
[75] G. Panotopoulos and A. Rinco´n, Eur. Phys. J. C 78, 851 (2018).
[76] J. Ovalle, R. Casadio, R. Da Rocha, A. Sotomayor and Z. Stuchlik, EPL 124, 20004 (2018).
[77] S. K. Maurya and F. Tello-Ortiz, Eur. Phys. J. C 79, 85 (2019).
[78] L. Gabbanelli, J. Ovalle, A. Sotomayor, Z. Stuchlik and R. Casadio, Eur.Phys.J. C 79, 486 (2019).
[79] S. Hensh, Z. Stuchl´ık, Eur. Phys. J. C 79, 834 (2019).
[80] E. Contreras, A. Rinco´n and P. Barguen˜o, Eur. Phys. J. C 79, 216 (2019).
21
[81] A. Rinco´n, L. Gabbanelli, E. Contreras and F. Tello-Ortiz, Eur. Phys. J. C 79, 873 (2019).
[82] R. Casadio, E. Contreras, J. Ovalle, A. Sotomayor and Z. Stuchl´ık, Eur. Phys. J. C 79, 826 (2019).
[83] V. A Torres–Sa´nchez and E. Contreras, Eur. Phys. J. C 79, 829 (2019).
[84] E. Contreras, Class. Quant. Grav. 36, 095004 (2019).
[85] J. Ovalle, Phys.Lett. B 788, 213 (2019).
[86] E. Contreras and P. Barguen˜o, Class. Quantum Grav. 36, 215009 (2019).
[87] M. Estrada, R. Prado, Eur.Phys.J.Plus 134, 168 (2019).
[88] M. Estrada, Eur. Phys. J. C 79, 918 (2019).
[89] S. Maurya, and F. Tello-Ortiz, Phys. Dark Univ. 27, 100442 (2020).
[90] F. Linares and E. Contreras, Phys. Dark Univ. 28, 100543 (2020).
[91] S. K. Maurya and F. Tello-Ortiz, arXiv:1907.13456 (2019).
[92] P. Leo´n and A. Sotomayor, Fortsch. Phys. 67, 1900077 (2019).
[93] A. Rincon, E. Contreras, F. Tello-Ortiz, P. Bargueo and G. Abelln, [arXiv:2005.10991 [gr-qc]].
[94] G. Abelln, A. Rincon, E. Fuenmayor and E. Contreras, [arXiv:2001.07961 [gr-qc]].
[95] M. C. Durgapal, J. Phys. A 15, 2637 (1982).
[96] M. K. Abubekerov, E. A. Antokhina, A. M. Cherepashchuk and V. V. Shimanskii, Astron. Rep. 52, 379 (2008).
[97] M. L. Rawls, J. A. Orosz, J. E. McClintock, M. A. P. Torres, C. B. Bailyn and M. M. Buxton, Astrophys. J. 730, 25
(2011).
[98] N. Sarkar, Ksh. N. Singh, S. Sarkar and F. Rahaman, Eur. Phys. J. C 79, 516 (2019).
[99] F. Tello-Ortiz, S. K. Maurya, A. Errehymy, Ksh. N. Singh and M. Daoud, Eur. Phys. J. C 79, 885 (2019).
[100] S. K. Maurya, Y. K. Gupta and Pratibha, int. J. Mod. Phys. D 20, 1289 (2011).
[101] S. K. Maurya and Y. K. Gupta, Astrophys. Space Sci. 334, 301 (2011).
[102] S. K. Maurya and Y. K. Gupta, Astrophys. Space Sci. 334, 145 (2011).
[103] W. Israel, Nuovo Cim. B 44, 1 (1966).
[104] G. Darmois, Me´morial des Sciences Mathematiques (Gauthier-Villars, Paris, 1927), Fasc. 25 (1927).
[105] K. Schwarzschild, Sitz. Deut. Akad. Wiss. Berlin, Kl. Math. Phys. 24, 424 (1916).
[106] S. Chandrasekhar, Astrophys. J. 140, 417 (1964).
[107] S. Chandrasekhar, Phys. Rev. Lett. 12, 1143 (1964).
[108] Ch. C. Moustakidis, Gen. Relativ. Gravit. 49, 68 (2017).
[109] H. Herna´ndez, L. Nu´n˜ez, A. Va´zques, Eur. Phys. J. C 78, 883 (2018).
[110] B. K. Harrison, K.S. Thorne, M. Wakano, J.A. Wheeler, Gravitational Theory and Gravitational Collapse (University of
Chicago Press, Chicago, 1965)
[111] Zeldovich, Ya.B., Novikov, I.D.: Relativistic Astrophysics, vol. 1: Stars and Relativity. University of Chicago Press,
Chicago (1971)
[112] J. R. Oppenheimer and G. M. Volkoff, Phys. Rev. 55, 374 (1939).
[113] M. Visser, Lorentzian Wormholes, (Springer, Berlin, 1996).
[114] A. Raychaudhuri, Phys. Rev. 98, 1123 (1955).
[115] H. A. Buchdahl, Phys. Rev. D 116, 1027 (1959).
[116] S. Chakraborty and S. SenGupta, JCAP 05, 032 (2018).
[117] C. G. Bo¨hmer and T. Harko, Class. Quant. Grav. 23, 6479 (2006).
[118] C. Arias, F. Tello-Ortiz and E. Contreras, arXiv:2003.00256 [gr-qc] (2020).
[119] B. V. Ivanov, Phys. Rev. D 65, 104011 (2002).
[120] L. Herrera, J. Ospino and A. Di Prisco, Phys. Rev. D 77, 027502 (2008).
[121] S. K. Maurya, Y. K. Gupta and S. Ray, Eur. Phys. J. C 77, 360 (2017).
[122] K. Lake, Phys. Rev. D 67, 104015 (2003).
[123] For more details see appendix A.
